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On ' Abstract Properties of an a, j3 -symmetric Norlund sum are studied. Inspired in 

the work by Agarwal et al., a, j3 -symmetric quantum versions of Holder, Cauchy- 
.^ ' Schwarz and Minkowski inequalities are obtained. 
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1 Introduction 



The symmetric derivative of function / at point x is defined as lim/,^o(/(jf + h) — 
f{x — h))/{2li). The notion of symmetrically differentiable is interesting because if 
a function is differentiable at a point then it is also symmetrically differentiable, but 

Aq , the converse is not true. The best known example of this fact is the absolute value 

function: f{x) = \x\is not differentiable at x = but is symmetrically differentiable 

CN , at X = with symmetric derivative zero 16] . 

Quantum calculus is, roughly speaking, the equivalent to traditional infinitesimal 

CO , calculus but without limits [4). Therefore, one can introduce the symmetric quantum 

^^ ' derivative of / at jc by {f{x + h) — f{x — h))/{2h). As in any calculus, it is then 

natural to develop a corresponding integration theory, looking to such integral as 
the inverse operator of the derivative. 
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The main goal of this paper is to study the properties of a general symmetric 
quantum integral that we call, due to the so-called Norlund sum 14], the a,j3- 
symmetric Norlund sum. 

The paper is organized as follows. In Section|2]we define the forward and back- 
ward Norlund sums. Then, in Section|3] we introduce the a, )3 -symmetric Norlund 
sum and give some of its properties. We end with Section]!] proving a , )3 -symmetric 
versions of Holder's, Cauchy-Schwarz's and Minkowski's inequalities. 



2 Forward and backward Norlund sums 

This section is dedicated to the inverse operators of the a-forward and /3 -backward 
differences, a > 0, j3 > 0, defined respectively by 

Definition 1. Let / C M be such that a, fe G / with a<b and sup/ = +°°. For / : / — > R 
and a > we define the Norlund sum (the a-forward integral) of / from ato bhy 

f f{t)Aat= r°°f{t)Aat- r°° f{t)Aat, 
a J a Jb 

where / / (f ) Aat = a^\ f [x + ka), provided the series converges at x = a and 

x = b.ln that case, / is said to be a-forward integrable on [a,b\. We say that / is 
a-forward integrable over / if it is a-forward integrable for all a, Z? G /. 

Until Definition |2] (the backward/nabla case), we assume that / is an interval of 
R such that sup/ = +oo. Note that if / : / -> M is a function such that sup/ < +oo, 
then we can extend function / to /:/—!> M, where / is an interval with sup/ = +oo, 
in the following way: /|/ = / and /| ^ ^ = 0. 

Using the techniques of Aldwoah in his Ph.D. thesis 121, it can be proved that the 
a-forward integral has the following properties; 

Tlieorem 1. If f^g : / — > R are a-forward integrable on [a,b\, c G [a,b\, ^ G R, then 

1. r fit) Aat ^0; 

Ja 
rb re rb 

2. I f{t)Aat^ / f{t)Aat+ / f {t) Aat, when the integrals exist; 

Ja Ja Jc 

3. f f{t)Aat^- j" f{t)Aat; 

Ja Jb 

rb rb 

4. kf is a-forward integrable on [a,b\ and / kf [t) Aat = k f{t) Aat; 

Ja Ja 

5. f + g is a-forward integrable on [a,b] and 
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{f + g){t)Aat= I f{t)Aat+ f g{t)Aat; 



6.iff = 0, then / f{t)Aat^ 0. 

Ja 

Theorem 2. Let f : I -^ R be a-forward integrable on [a,b]. If g : I ^>- W is a non- 
negative a-forward integrable function on [a,b], then fg is a-forward integrable on 

[a,b]. 

Proof. Since g is a-forward integrable, then both series o:^^J"Qg(fl + A:a) and 
a Y.t=o8{b + ^0!) converge. We want to study the nature of series CiY,t=Qf8 (a + ka) 
and a T.t=Qf8 (b + ka). Since there exists an order N eN such that \fg {b + ka)\ < 
g{b + ka) and \fg {a + ka)\ ^ g {a + ka) for all ^ > A^, then both a Y.t=Qf8 (« + ka) 
and a Y.t=o f8 (b + ka) converge absolutely. The intended conclusion follows. 

Theorem 3. Let / : / — > M and p > I. If \f\ is a-forward integrable on [a,b], then 
\f\'' is also a-forward integrable on [a^b]. 

Proof There exists A? gN such that |/(fe + to) I'' s^ \f {b + ka)\ and \f {a + ka)\'' ^^ 
\f {a -\- ka)\ for all k> N. Therefore, |/|'^ is a-forward integrable on [a,b]. 

Theorem 4. Let f,g : I ^Rbe a-forward integrable on [a,b]. If\f{t)\ < g{t)for 
allt € {a + ka:k £ No}, then for b e {a + ka : k eNo} one has 



f 

Ja 



f{t)Aat 



< 



8{t)Aat. 



Proof. Since b <E {a + A;a ; A: £ No}, there exists k\ such that b — a + k\a. Thus, 



f{t)Aat 



aY_.f{a + ka) - aY_ f {a + [ki + k) a) 

k=Q k=Q 



= aY^f{a + ka)-aY^f{a + ka 

k=Q k=k, 

k,-l ki-\ 

^ ci: 12 l/('^ + ^o:)| ^ a ^ g{a + ka) 



ki-i 
a Y, fia + ka) 

k=0 



k=0 



k=0 



ccY,8('^ + k(x)-a Y, 8{^ + ^o:) 

k=Q k=k. 



Corollary 1. Let f,g:I 
some k G No- 



8it)Aat. 
be a-forward integrable on [a,b] with b = a + ka for 



1. Iff (f ) ^ Ofor all te {a + ka :ke No}, then l,f{t) Aat ^ 0. 

2. Ifg{t) ^ f {t) for all te{a + ka:ke No}, then !!',g{t)Aat ^ /j'/CO^af. 

We can now prove the following fundamental theorem of the a-forward calculus. 
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Theorem 5 (Fundamental theorem of Norlund calculus). Let f : I ^-R be a- 
forward integrable over I. Let x £ I and define F (x) :^ [^ f {t)Aat. Then, Aa [F] (x) ~ 
f {x). Conversely, /j' 4„ [/] (f ) A^t = f [b) - f (a). 

Proof. If G{x) = - J^°°f{t)Aat, then 

. _, , , Gix + a)-Gix) _ -aZt=of{x + a + ka) + aLt=ofix + ka) 
Aa[0\{x)- - ~ - 

= ff{x + ka)-ff{x + {k+l)a)=fix). 

k=0 k=0 

Therefore, 4„ [F] (x) = 4„ {J+°° f {t) Aat ^ J+°° f (t) Ao,t) =f{x). Using the def- 
inition of a-forward difference operator, the second part of the theorem is also a 
consequence of the properties of MengoU's series. Since 

Aa [/] {t)Aat = aY,Aa [/] {a + ka) = « 21 —^ 

k=0 k=0 ^ 

= E f/(« + (^+ l)a)-fia + ka)) = -f{a) 
k=o \ / 

and Ji^°° Aa [f] (t) Aat = -/ (b), it follows that 

' Aa[f]{t)Aat= r'" fit) Aat- [^'^ f (t) Aat ^ f (b) - f (a) . 
Ja Jb 

Corollary 2 (a-forward integration by parts). Let f,g:I^R. Iffg and fAa [g] 
are a-forward integrable on [a,b], then 



' f{t)Aa[g]{t)Aat^f{t)g{t) 



- [ Aa[f]{t)g{t + a)Aat 



Proof Since Aa [fg] (t) = 4„ [/] {t)g{t + a)+f{t)Aa [g] (t), then 



f{t)Aa[g]{t)Aat= I i^Aa[fg]it)-Aa[f]{t)git + a)JAat 

'Aa[fg]{t)Aat- r Aa[f]{t)g{t + a)Aat 



--f{t)g{t) 



Aa[f]{t)g{t + a)Aat. 



Remark L Our study of the Norlund sum is in agreement with the Hahn quantum 
calculus EEia. In H /j'/(f ) Aat = a[f {a)+ f{a + a) + ---+ f{b - a)] for a < 
b such that b — aG aZ, a € R+. In contrast with 0|, our definition is valid for any 
two real points a,b and not only for those points belonging to the time scale aZ. 
The definitions (only) coincide if function / is a-forward integrable on [a,b]. 
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Similarly, we introduce the j8 -backward integral. 

Definition 2. Let / be an interval of M such that a,b ^ I with a < b and inf/ = — oo. 
For / : / — > M and j3 > we define the j3 -backward integral of / from ato bhy 

f f{t)^pt^ [' f{t)vpt- r f{t)vpt, 

where / / (f) V nt = j3 V / (x — A:j3), provided the series converges at x ~ a and 

X ~ b. In that case, / is called j3 -backward integrable on [a,b]. We say that / is 
/3 -backward integrable over / if it is j3 -backward integrable for all a, fe G /. 

The /3 -backward Norlund sum has similar results and properties as the a-forward 
Norlund sum. In particular, the j3 -backward integral is the inverse operator of V^ . 



3 The a, /3 -symmetric Norlund sum 

We define the a, /3-symmetric integral as a Unear combination of the a-forward and 
the j3 -backward integrals. 

Definitions. Let/: M— ^Randa,/? G R, a < /?. If /is a-forward and j3 -backward 
integrable on [a^b], a,/3 > with a + j3 > 0, then we define the a, j3 -symmetric 
integral of / from a to ii by 

Function / is a, j3 -symmetric integrable if it is a, j3 -symmetric integrable for all 

a.beM.. 

rh rh 

Remark!. Note that if a e IR+ and )3 = 0, then / f{t)da,pt == / f{t)Aat and 

J a J a 

we do not need to assume in Definition [3] that / is j3 -backward integrable; if a = 

rh f-b 

and j3 e R+, then / f{t)da,pt ~ / /(f) V|3f and we do not need to assume that 

J el Ja 

f is a-forward integrable. 

3 1 10 

-~d2.2t = -z- 

1 f2 9 

The a, j3 -symmetric integral has the following properties: 



Example 1. Let /(f) = 1/f^. Then j -2(^2.2? = — 



Tlieorem 6. Let /,g : K. — > M /je antisymmetric integrable on [a,b]. Let c &\a, 
and A; G M. Then, 



1- / f{t)da.iit^Q: 
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rb rC rb 

2. I f {t)da nt ~ I f it)daHt + / f (t) da Rt, when the integrals exist; 

Ja Ja Jc 

rb ra 

3- / f (t) da.pt = - / fit)da,pt; 

Ja Jb 

rb rb 

4. kf is a, ^-symmetric integrable on [a^b] and I kf {t)df^ B^ = ^ f iO^aS^' 

Ja Ja 

5. f -\- g is a ^p -symmetric integrable on [a^b] and 

rb rb rb 

/ {f + g){t)da.fit-- f{t)da.pt+ g{t)da,pt; 
Ja Ja Ja 

6. fg is a, P -symmetric integrable on [a,b] provided g is a nonnegative function. 

Proof. These results are easy consequences of the a-forward and j3 -backward inte- 
gral properties. 

The next result follows immediately from Theorem |3] and the corresponding j3- 
backward version. 

Theorem 7. Let / : R — >■ M and p > I. If \f\ is symmetric a,li-integrable on [a,b], 
then \f\'' is also a, ^-symmetric integrable on [a,b\. 

Theorem 8. Let f^g : M -t- R fee a, ^-symmetric integrable functions on [a,b\, si := 
{a + ka : k eNq} and -^ -.^ {b - kfi : k E Nq}. For b E £/ and a E SS one has: 

rb 

l.if\f{t)\^g{t)foralltE£/li^,then / f{t)da,pt ^ 

Ja 
rb 

2.iff{t)^QforalltE£/U3§,then / f (t) da.pt ^ Q; 

Ja 

rb rb 

3.ifgit)^f{t)foralltE£/U^,then g{t)da,pt^ f[t)da,pt. 

J a Ja 

Proof It follows from Theorem |4] and Corollary [T] and the corresponding /3- 
backward versions. 

In Theorem |9] we assume that a,b eM. with b E si := {a + ka : k eNq} and 
aE^:^{b-kp:kE No}, where a, j3 e Rj, a + /3 7^ 0. 

Theorem 9 (Mean value theorem). Let f,g:R^Rbe bounded and a , j3 -symmetric 
integrable on [a,b] with g nonnegative. Let m and M be the infimum and the supre- 
mum, respectively, of function f. Then, there exists a real number K satisfying the 

rb rb 

inequalities m ^ K ^ M such that / f {t)g {t)daRt = K g{t) da at. 

Ja Ja 

Proof Since m ^ f (t) i^ M for all f G R and g (t) ^ 0, then mg (t) ^ / {t)g{t) < 
Mg{t) for all f G ^U,^. All functions mg, fg and Mg are a, )3 -symmetric in- 
tegrable on [a,b\. By Theorems |6] and |8] tn J^ g{t)da,pt ^ J^ f{t)g{t) da.pt ^ 
M I' g{t)da.pt. If i' git)da.pt = 0,then J!; f{t)g{t)da.pt = 0;if J!; git)da.pt >0, 

then m ^ -^ ^^ ^ M. Therefore, the middle term of these inequalities is equal 

to a number K, which yields the intended result. 



rb 

/ 8 {t) da.pt; 

Ja 
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4 a, j8- Symmetric Integral Inequalities 

Inspired in the work by Agarwal et al. [Tl, we now present a, j3 -symmetric versions 
of Holder, Cauchy-Schwarz and Minkowski inequalities. As before, we assume that 
a,b G M with ^ e i/ := {a + ka : k e No} and a e -^ -.^ {b-kp :k e No}, where 
a,j3 eKj,a + j3/0. 

Theorem 10 (Holder's inequality). Let f,g :R^R and a, b €R with a <b. If\f\ 
and \g\ are a, ^-symmetric integrable on [a,b], then 

b f fb \T' f fb \q 



\f(t)8it)\da.pt^i^J^^\fit)fda,ptj ^ |g(0r«fa,/3fj , (D 

where p > 1 and q = p/{p — 1). 

Proof. For a, j5 gMq, a + j3 7^ 0, the following inequality holds; a''j3'' ^ 7 + 7- 

Without loss of generality, suppose that ( / \f {t)f da,pt] ( / \8{t)\'' da,pt\ /O 

(note that both integrals exist by Theorem|2]l. Set ^ (t) = |/(f)l'VXf \f i'^)\'' da.pT^ 
and 7(f) = \g{t)f / fa \g{'^)\'' da,pT- Since both functions a and j3 are symmetric 
a, /3 -integrable on [a,b], then ([U holds: 



/■'' \f(t)\ \e(t)\ /■'' 1 1 

/ IJM _ \g[t)l _d^^t^ ^it)T'7{ty'da,pt 



1/(01 \8it)_ 

V^W , rit) 



Tl' 



^ / I ^^^ + -^-^^ I da at 



i/(or K . ,1 /-V 1^(01 



<P' + - rfei .,M.. , H«,;3f-1- 



The particular case p = q = 2of^ gives the Cauchy-Schwarz inequality. 

Corollary 3 (Cauchy-Schwarz 's inequality). Let f,g : R — > R and a,b £R with 
a < b. Iff and g are a, ^-symmetric integrable on [a,b], then 



[\fit)g{t)\da,pt^J(j'\f{tfda.^ 



\g{t)Vda,fit 



We prove the Minkowski inequality using Holder's inequality. 

Theorem 11 (Minkowski's inequality). Lef/,g ■.R^>-'Randa,b,p eRwitha <b 
and p > 1. Iff and g are a, ji -symmetric integrable on [a,b], then 

l''\fit)+g{t)fd,^pty' ^y^\f{t)\Pd,^pty'+y'\g{t)\>^d,^pty . 
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Proof. One has 

(■b 



f \f{t)+8{t)\'d„,pt^ [ \f{t)+8{t)\"-'\f{t)+g{t)\da,pt 

^t\fmf{t)+g{t)r'd,,pt+f\g[t)\\f{t)+g{t)r'd,,p 

J a J a 

Applying Holder's inequality (Theorem [TOlt with q = p/{p — l),we obtain 

|/(0+g(Or«'a,/3f«;(/j/(OI"'^a,/3f)"(jJ^'l/(0+^(Ol'''""''«'a,/^' 



1 , . .In,. .1 

1 



\f{t)\"da,pt]" + ( [''\g{t)\''da,/'' 



Therefore, 



s^ / \f{n\ da,fit] + / \g{t)\' da^pt 



i , . . i 

p 



Our a, j3 -symmetric calculus is more general than the standard /j-calculus. In 
particular, all our results give, as corollaries, results in the classical quantum h- 
calculus by choosing a = /i > and j3 = 0. 
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